Abstract Information of Soil Moisture Content (SMC) at different depths i.e. vertical Soil Moisture (SM) profile is important as it influences several hydrological processes. In the era of microwave remote sensing, spatial distribution of soil moisture information can be retrieved from satellite data for large basins. However, satellite data can provide only the surface (~0-10 cm) soil moisture information. In this study, a methodological framework is proposed to estimate the vertical SM profile knowing the information of SMC at surface layer. The approach is developed by coupling the memory component of SMC within a layer and the forcing component from soil layer lying above by an Auto-Regressive model with an exogenous input (ARX) where forcing component is the exogenous input. The study highlights the mutual reliance between SMC at different depths at a given location assuming the ground water table is much below the study domain. The methodology is demonstrated for three depths: 25, 50 and 80 cm using SMC values of 10 cm depth. Model performance is promising for all three depths. It is further observed that forcing is predominant than memory for near surface layers than deeper layers. With increase in depth, contribution of SM memory increases and forcing dissipates. Potential of the proposed methodology shows some promise to integrate satellite estimated surface soil moisture maps to prepare a fine resolution, 3-dimensional soil moisture profile for large areas, which is kept as future scope of this study.
Introduction
Soil Moisture Content (SMC) is an Essential Climatological Variable (ECV) which plays a significant role in land and atmosphere interaction (Pielke 2001) . Understanding the spacetime variability of SMC is important to understand the role of SMC in various hydroclimatological processes in both local and global scales and its role in parameterization of climate and hydrological model (Argyrokastritis et al. 2009 ). Many hydrological, meteorological and agricultural applications need information of vertical SM profile for a better understanding of environmental processes, such as flooding, soil erosion and transportation of dissolved materials etc. and for irrigation scheduling and crop yield forecasting.
Microwave remote sensing, the most prevalent method to retrieve SMC recently, is only able to provide soil moisture information upto an approximate depth of 5-10 cm (Kerr et al. 2010 ) from the surface. So there is a potential benefit of assimilating the microwave-based surface soil moisture into soil water balance models and stochastic models (Hoeben and Troch 2000) .
The common practices to estimate vertical SM profile are in-situ methods and estimation through different hydrologic models. However, use of conventional in-situ methods is restricted to point measurements and are also time, labour and cost intensive (Zucco et al. 2014) . Other common methods of estimating vertical SM profile are Soil-Vegetation-AtmosphereTransfer (SVAT) modelling, land-surface modelling and physical models for unsaturated zones (Downer and Ogden 2004; Moran et al. 2004) . In these models, soil moisture distribution is modelled primarily by Richard's equation (1931) , which physically represents the fluxes in unsaturated zone for both local and large scale applications (Haverkamp et al. 1998 ). This equation is highly non-linear and its solution depends on simplifications of the initial conditions (Varado et al. 2006) . Moreover, it does not always provide more accurate results than other simplified infiltration models such as Horton, Philip and Green-Ampt, which are easier to apply (Chen et al. 1994; Hsu et al. 2002) . Still, applications of such simplified versions are also questionable in many modelling studies for large spatial extent (Kale and Sahoo 2011) .
Retrieval of vertical SM profile from the surface soil moisture measurements is possible since surface soil moisture is coupled to root-zone soil moisture through diffusion processes (Singh 2010) . Mutual relationship between soil moisture at various soil depths and the stochastic features of soil moisture dynamics can be assessed by cross-correlation method and Vector Auto Regression (VAR) method (Kim and Kim 2007; Kim 2009; Kim et al. 2011; Mahmood et al. 2012) . However, relatively little work has been done to explicitly quantify the information of vertical SM profile.
The principal research question addressed in this paper is how to stochastically link the surface soil moisture to the deeper layers in order to obtain the vertical soil moisture profile. The primary objective of this study is to determine the variation of the spatial and temporal dynamics of root zone soil moisture (upto~100 cm). A coupling method is implemented to assess SMC at different layers by modelling its temporal persistence (memory) and considering the input from overlying layers (forcing). The persistence of the SMC time-series is significant and it is considered as the memory of the SMC. Thus, both memory and forcing can be coupled in the proposed stochastic model in order to assess the SMC at different depths. Moreover, the proposed model is developed in such a way that it uses only the surface SMC information to estimate the vertical SM profile. Thus, it may also be able to to estimate the vertical SM profile for the locations where the SMC information at deeper layers are not available. The approach also indicates the potential to assimilate the remotely sensed surface SMC data to obtain the vertical SM profile for large extent.
Materials and Methods

Data Source and Study Area
The Soil Climate Analysis Network (SCAN) is a continental scale network, established by U.S. Department of Agriculture (USDA)-Natural Resources Conservation Service (NRSC)-National Water and Climate Center. Hourly soil moisture data are available in the International Soil Moisture Network (ISMN) website (Dorigo et al. 2011 ) (http://www.wcc.nrcs.usda.gov/ scan/). The ISMN was initiated by Vienna University of Technology to aid a central data hosting facility where worldwide accessible in situ soil moisture measurements from different effective networks and validation operations are collected, synchronized, and made accessible to users.
The present study is implemented for a point location. The data from one USDA SCAN network installed within the campus of Indian Institute of Technology Kanpur (IITK)-AIR-STRIP located at 26.5114°N latitude and 80.2349°E longitude, is used. The complete set of obtained data, covers a period of June 16, 2011 to October 15, 2014 . The network uses the Water Scout sensor, installed at 10, 25, 50 and 80 cm depths, to configure the vertical SM profile in volumetric terms, i.e. m 3 of moisture per m 3 of soil. The temporal resolution of the acquired data is 15 minutes. Soil moisture at daily scale is calculated by taking the average over a given day. In case of the presence of missing data within a span of day, the missing time periods are ignored and the average is taken over the time span for which the data are available. If the data for all time-steps in a day are missing, daily soil moisture for that day is computed by linear interpolation. The soil type of study area may be categorized as silty according to the unified soil classification system, up to 1.5 m depth the area consists of 13 % sand, 61 % silt and 26 % clay (Jishnu et al. 2013 ).
Methodology
The basic modelling approach involves exploring the mutual relationship between daily variations of SMC of the two adjacent layers by coupling two important characteristics influencing the change in SMC of the deeper layer. These factors are: i) memory or persistence of SMC series of underlying layer and, ii) a forcing due to change in the SMC of the overlying layer. The soil moisture memory is the tendency of soil to retain its initial moisture content value. Thus, the soil moisture value at a specific depth can be assumed to depend upon the soil moisture values of the previous time step(s). The forcing is considered to be the effect of SMC of the overlying layer.
The variation in soil moisture dynamics due to the effect of other factors, such as precipitation and maximum air temperature prevails mainly in the near surface layers (Mahmood et al. 2012) . Similarly other factors may include relative humidity, wind speed that may affect surface soil moisture variation by controlling the evaporation and evapotranspiration. Depending on the soil characteristics the variation in near surface soil moisture may influence the SMC of deeper layers with a couple of days lag (Mahmood et al. 2012) . In this study, being considered at daily scale, only the effects of memory and forcing from the overlying layer are considered. The effect of the memory is represented by the autoregressive component of the model and the forcing is represented by the SMC of overlying layer and considered as the exogenous input. The methodology of this study is explained in following sections.
Pre-Processing of Raw Data
Observed daily soil moisture data is available from June 16, 2011 to October 15, 2014 at 15 minutes time interval for 10, 25, 50 and 80 cm depths. However, there are some missing data periods. Longer periods of missing data cannot be filled up and thus discarded. In some time steps of the complete data the surface (10 cm depth) SMC values are missing although the SMC values of the deeper layers are available. Such time steps are also discarded from the study since the study attempts to obtain the complete vertical SM profile using only surface soil moisture information. Observed soil moisture data for the remaining period (with shorter missing periods) are shown as a time series plot in Fig. 1 (July 01, 2011 to April 28, 2013 . Such shorter periods of missing values are replaced by simple linear interpolation from its preceding and successive soil moisture values, provided there is no rainfall during that period. Condition of 'interpolation during no rainfall occurrence' is violated only once during August 12, 2011-August 23, 2011. However, it is mentioned later that during the model development period, the 1 st hundred data are discarded to avoid the effect of initial value assumption (discussed in detail later). Therefore, this set of missing data, which is replaced by linear interpolation, does not affect the assessment of the model performance.
After this pre-processing, the total length of the dataset available is 668, i.e., July 01, 2011 to April 28, 2013. First two third of this dataset is used as the model development period (July 01, 2011 to September 14, 2012 ) and the rest is used as the testing period (September 15, 2012 to April 28, 2013).
Development of ARX Model
While developing the Auto-Regressive model with an exogenous input (ARX) model, as mentioned before, observed data from 10 cm is used as forcing and previous observation of SMC at 25 cm depth as memory to estimate the SMC at 25 cm depth. Similarly, to estimate the SMC at 50 cm depth, observed data from 25 cm (as forcing) and 50 cm (as memory) are used. The ARX model adopted in this study is expressed by equation (1),
where, the SM k (t) is the soil moisture at the target depth k at time step t. The SM k (t − i) is the soil moisture at the target depth at previous time steps where i = 1, 2, . ., p; SM k − 1 (t − j) is the soil moisture of the upper layer at previous time steps where j = 1, 2, . ., q. The, a i and b j are the weighting function coefficients (aka ARX model parameters) for SM k (t − i) and SM k − 1 (t − j); p and q are the orders of the autoregressive and exogenous components respectively; and e(t) is the white noise. The relative delay between the input soil moisture time series SM k (t − i) and the output soil moisture time series SM k (t), is considered by the delay parameter d, which is considered to be zero in our case. Values of d > 0 implies delay of the output with respect to the input. Thus, the value of d is assumed to be zero in the model as it estimates soil moisture at deeper layer at the same time step as the upper layer which is reasonable for daily scale analysis of SM variation at different depths of the soil.
Estimating the Model Orders (p and q)
The selection of specific values of the model order is essential to have an adequate number of coefficients to take into account the required information about the association between the SMC values of surface layer and deeper layers, while maximizing such information with least number of parameters. Though theoretically p and q can take any positive integer value including zero, the optimal values of the orders of each soil moisture time series were investigated over the significant range of p and q, to obtain the desired criteria of the model order selection. The identification of model order is mainly based on three criteria which are as follows, a) The prediction focus or the model fit (MF).
b) The Mean Square Error (MSE) function. c) The Akaike's Final Prediction Error (FPE).
The MF and MSE are expressed by equations (2) and (3) as follows -
where SM sim is the estimated variables in, SM obs is the observed values, SM is the mean of the observed soil moisture data and n is the number of samples in the dataset. Higher values of the MF are more favourable. The MSE is the second moment of the error that combines both the variance of the observed value and its bias. Since the MSE minimizes the variance, the lower value of MSE indicates the better model performance. The range of MF is 0 to 100 % whereas MSE may vary from 0 to infinity.
Akaike's Final Prediction Error (FPE) criterion provides a comparative measure of model performance. According to Akaike's theory, the most accurate model has the smallest FPE when the model is evaluated on a different testing data set. The FPE can be estimated by the equation (4),
where, m is the number of estimated parameters which is equal to (p + q), n is the number of values in the estimation dataset and V is a loss function. Mathematically, the loss function is the determinant of the obtained noise covariance matrix which can be computed by equation (5),
where, ε i is the error at i th time step. In the simulation when m < < n, the FPE is approximated with equation (6),
The range of FPE is 0 to infinity. After determining the model orders based on prediction focus, MSE and FPE, the next step is to estimate the ARX model coefficients. In the following section the method to estimate the model coefficients, is described.
Determining the ARX Model Parameters (a i and b j )
During the determination of coefficients of the ARX model, the Least Square (LS) method minimizes the summation of the square of the residuals. As mentioned before, considering d = 0, equation (1) can be expanded as equation (7),
In equation (7), t varies from λ to n, where λ = max(p + 1, q). The summation of the square of the error terms, i.e. e(t), t = λ, ⋯, n, can be written as equation (8),
Since the LS method minimizes the summation of the square of the errors, the parameter values are computed by differentiating S with respect to each parameter, and assigning the differentiated value equal to zero. Mathematically, this can be represented as equation (9),
The matrix notation of equations (9) can also be expressed as equation (10),
where, B is the column matrix consisting of the coefficients (a i and b j ); X is the matrix formed by input variables, i.e. soil moisture values of target depth and forcing depths at previous time steps and Y is the output variable matrix i.e. the soil moisture at target depth. The details of the derivation for computation of ARX parameters by LS method is provided in the supplementary document.
The performance of developed model is evaluated using i) Root Mean Square Error (RMSE); ii) Unbiased RMSE (uRMSE); iii) Degree of agreement (Dr) and iv) Pearson Correlation Coefficient (CC). The details of these performance metrics are provided in the supplementary document.
While using the developed model, two issues need to be noted. The developed model uses the daily observed soil moisture data of 10 cm depth to estimate the soil moisture at 25 cm. However, the observed data may not be available for deeper layers (at new locations) and thus, the estimated (rather than observed) SMC at overlying layer (say 25 cm depth) is used as 'forcing' for underlying layer (i.e., 50 cm). This approach helps to evaluate the model efficacy to estimate the vertical SM profile using only the observed SM data from the surface layer. Secondly, since the SMC at a specific depth depends on the memory as well as on forcing, the initial values of the target depth are selected at time (t − p) where p is equal to the number of the order of the AR parameters in the developed ARX model. The effect of such assumed initial values on the model output is also investigated. This is explained as follows.
Since the model aims to be kept independent of observed SMC values of underlying depths, observed SMC values of those layers are evaded to be used to initialize the model. Four alternatives are used as the initial value: i) Minimum SMC value of the forcing layer, ii) Mean SMC value of forcing layer, iii) Same SMC value as the forcing layer at the initial time-steps and iv) Maximum SMC value of the forcing layer. Whereas, these alternatives may not be theoretically or physically justified, it is better to treat them just as reasonable arbitrary values to explore the time horizon over which effect of initial assumption dies down. It is indeed possible to assume many alternatives as initial values. Models are developed and validated using these initial values and their performances are tested to assess the time horizon over which the effect of initial value assumption exists and can be ignored while evaluating the model performance.
Results
Sensitivity of Initial Value Assumption
Sensitivity of the estimated soil moisture to the assumed initial SMC values of the target depth is demonstrated for SMC estimate at 25 cm depth. The time series of observed value of soil moisture at 25 cm depth is plotted with the estimated soil moisture time series with different initial values in Fig. 2 . It is observed that the estimated SMC eventually converges to the observed SMC for all the four cases and behaves similarly thereafter. It is also seen that the estimated SMC values of 25 cm depth converge to the observed SMC within the first 100 time steps of the study period. Hence, for evaluating the model performance, the estimated SMC values of first 100 time steps are discarded during the model application to avoid the effect of initial value assumption. The performance metrics of both model development and testing periods for all four cases are shown in Table 1 . Henceforth, the average of the SMC time series from 10 cm depth is used as the initial value to estimate the SMC of successive layers. This is to retain the fact that the approach utilizes only the surface layer's SMC information.
Model Development and Performance
To select the order of the model, the values of p and q are varied over one to five each. Different combinations of p and q and corresponding values of fitness criteria are described in supplementary document (Table S1 ). Based on maximum MF, minimum MSE and FPE, and the model parsimony criterion i.e. optimum number of model parameters should be minimum possible, the final model order is selected. The coefficients of the models are estimated by LS method as described in section 2.2.4. Table 2 summarizes the values of the selected model orders, the coefficients, model fit, FPE and MSE.
The time-series plots of estimated and observed SMC for target depths of 25, 50 and 80 cm are shown in Figs. 3, 4 and 5 respectively. It is noticed that the estimated SMC follows the The estimated SMC at target depth with initial value equals to the minimum value of SMC time series of the forcing layer; Estimated SMC-2: The estimated SMC at target depth with initial value equals to the average value of SMC time series of the forcing layer; Estimated SMC-3: The estimated SMC at target depth with initial value equals to the value of SMC of the forcing layer at same time step. Estimated SMC-4: The estimated SMC at target depth with initial value equals to the maximum value of SMC time series of the forcing layer. The first 100 data points are ignored from the performance assessment, which is shown in the shaded part observed SMC for all three target depths reasonably well. The model performance is best at 25 cm and reasonably good at 80 cm except for significant overestimation for the last peak of SMC. At 50 cm target depth, there is visible increase in the error especially in the testing period.
The performance metrics for the development and testing periods of the final models are summarized in Table 3 . The superior model performance, indicated by the high values of CC and Dr, and low RMSE and uRMSE during both model development and testing periods indicates that the models have reasonably good performance for all three layers.
Comparative Study of Memory and Forcing
To study the individual effects of memory and forcing, order of only one component (memory or forcing) is kept as zero and the other component (forcing or memory) is varied from 1 to 5 at a time. Table 4 represents the model performance criteria described in section 2.2.3, when the effect of only memory and only forcing on the estimated SMC is considered at different depths. After developing the ARX model with only forcing component, the new models were applied to the estimated data with assumed initial values, to assess the model performance at different depths. Table 5 describes the performance metrics of the ARX model with only forcing component.
Discussion
The sensitivity test of initial value assumption suggests that effect of initial value dies down gradually after initial 100 time steps. Since average of the SMC time series from 10 cm depth is used as the initial value, suitability of the developed model is ensured at ungauged locations, where information on SMC at deeper layers are not available. This may be treated as a valuable potential of the proposed approach to integrate satellite estimated 2-dimensional surface soil moisture map to prepare a 3-dimensional soil moisture profile. The observation from Table 2 indicates the increasing order of memory and decreasing order of forcing with increase in soil depth. Thus, it can be concluded that the effect of forcing reduces with increase in depth while memory component dominates at deeper layers. The higher order of the forcing component indicates faster its propagation caused by low water retention capacity and high hydraulic conductivity indicating the soil type of the study area. The value of model fit decreases while MSE and FPE increase with increase in target depth in model development showing that model performance is expected to reduce with increase in target depth. This trend is also noticed from Table 3 that the model performs best for target depth of 25 cm and the performance gradually decreases for subsequent depths. This may be attributed to the increasing distance between the surface layer and the target depths. Also, the It is noticed in case of 25 and 80 cm target depths, there is a difference between the RMSE and uRMSE during the testing period. This indicates that there could be some bias between the observed and estimated SMC values. The computed biases are found to be below 25 % (21.6 and 23.2 %) of the observed values for the target depths 25 and 80 cm respectively.
Apart from this, there is overestimation (e.g. testing period: 25 and 80 cm) and underestimation (e.g. testing period: 50 cm) during some part of the model development and testing period. Though it cannot be specifically attribute to some reason, presence of missing values (testing period: 50 cm), propagation of its effect to deeper layers and role of memory only situation (initial part of testing period: 25 and 80 cm) might be some of possible reasons. Longer and more accurate data might be necessary to fully exploit the potential of the proposed model.
While studying the individual effects of memory and forcing, it is seen that the use of only memory component is almost comparable with the developed model ( Table 2 and Table 4 ). But in ungauged locations the observed soil moisture data is not available for deeper layers. Therefore, the model development with only memory component is not adopted. In contrast (Table 4 and Table 2 ). Physically, it can be said that the effect of forcing gradually diminishes for the deeper layers in the soil. Hence, estimation of soil moisture with only forcing component gives better performance metrics in near surface layers compared to deeper layers.
Conclusions
The modelling philosophy of the present study aims at modelling two important factorsmemory and forcing, to estimate the vertical soil moisture profile using an ARX model. Following conclusions can be drawn from the findings of this study.
& The proposed model is found to be effective in modelling the vertical soil moisture profile using only the surface soil moisture information with better performance for the near surface layers. Still the model performance for all the depths is reasonably well given the complexity of problem. & The contribution of memory increases with the increase in depth whereas the contribution of forcing decreases with the increase in depth. & The developed model needs to be initialized with a few initial values assumptions.
However, the effect of this initial assumption dies down gradually and it is recommended to ignore the first 100 time steps to ensure the exclusion of the effect of initial value assumption. It is also found that the mean of the surface soil moisture time series can be used as the initial value for all the depths. & The use of only memory component is almost comparable with the developed model. But implementing the model with only the memory component is not possible since the observed vertical SM profile data are not available for ungauged locations. Thus, one of the potential of the proposed approach is that the developed model is suitable for ungauged locations, where information on SMC at deeper layers are not available.
The future scope of the study lies in linking the soil characteristics to the memory and forcing components included in the proposed approach. As mentioned before, the integration of remote sensing surface soil moisture data to the proposed approach will allow to implement the model in different ungauged locations provided the soil texture is same as the present study area. This aspect is kept as future scope of this study.
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